Although the equilibrium theory of classical fluids, simple and complex, has reached the stage of routine accurate evaluation, this is hardly the case for even the next microscopic step, that of a quantum particle in a classical fluid. In many chemical applications, the quantum particle is an electron, but positron annihilation experiments on thermalized positrons and orthopositronium atoms offer a wealth of information to test our theoretical understanding of this general class of systems. Here, we investigate several ways in which the concepts behind classical techniques can be generalized to handle this prototypical quantum problem, in the overt quantum form as well as in the classical polymer representation. Both integral equation and density functional formats are studied and their qualitative characteristics examined.
Introduction
The experimentally dominant annihilation of thermalized positrons in fluid matter falls into two classes, that due to bare positrons, e+, and to orthopositronium atoms, Ps.' If we separate out the self-annihilation of the Ps, and define np,(X, x) as the joint density of a positron at X , a fluid electron at x, then the instantaneous annihilation rate in both cases takes the form
To make the phenomenology amenable to unencumbered extension of classical many-body theory, we ignore time-correlation effects and idealize the experimental situation by imagining that the positrons or positronium constitute a low density thermal ensemble at reciprocal temperature ,# of a surrounding atomic fluid. We also assume a rigid electron distribution w(x) about the origin of each atom, so that in terms of the location of the atom, (1.1) translates to Eq. (1.2), with a modified w, remains valid when X is taken as the location of the Ps center of mass, rather than of the positron. In either case, incorporating the reaction of the atomic electron density to the presence of the light particle requires further renormalization of w. The behavior of positrons in ordinary fluids provides a severe test of our understanding of a quantum many-body system at its most primitive level, that in which all continuous degrees of freedom but three -those of the light particle -can be regarded as classical. It is the dependence of A on fluid thermodynamic parameters that tests our theoretical understanding.
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To devise a theoretical treatment, we need a definite theoretical model, and we will choose for this purpose a system Hamiltonian
Here, X and P specify the light particle, {xj) the atomic locations, with pair interaction rj(x -y) (the irrelevant classical momenta are dropped), p the momentum-reduced chemical potential with a grand ensemble understood. The effective light particle-atom interaction, v(X -x), is customarily modeled by a hard repulsive core for P s , an attractive core for e+, and a weak polarization tail in both cases.' Equilibrium properties are then determined by the mixed grand partition function
(1.4) in which the summation over the number of atoms N, the associated weight 1/N!, and the Nparticle integrations are subsumed in the notation d [x] . The grand potential Q = -(l/p) ln E (1.5) serves as generating function for expectations, and in particular, since 6) in terms of the microscopic pair density
we have
which is all that is required for (1. for small E, allowing immediate transcription of (1.4), by inserting intermediate states, to Here, Dpbc[X] refers to the constraint that X(P) = X(0) and includes the amplitudes required by (1.9). Thus, one has a "ring polymer" {X(T)), interacting with the classical fluid {zj).
Mean Field Approximation
Let us start with a "coarse grained" approach. A standard classical fluid simplification involves the selective neglect of fluctuations, and in the present context, might take the following form. At sufficiently low temperature, the trace in (1.4) is dominated by its ground state contributions. Hence, neglecting excited state transitions, (1.3) and (1.4) translate to 
where P(p) denotes the bulk fluid equation of state, and (2.3) reduces to6
However, for this to make sense, v cannot have a region of infinite amplitude -as in the hard core P s contribution -and hence is to be replaced by its equivalent pseudopotential v(X-x) =X6(X -x ) , (2.6) where X = 2nli2 a l m , a being the s-wave scattering length. Consquently,
I
in which form thermodynamic parameters of the fluid enter only in the corresponding equation of state. We also observe that now which, for short range w, suffices to determine the rate A via (1. Varying (2.7) with respect to +*, with l+(X)I2 d3X = 1, yields the nonlinear Schrodinger
where n(p) is the thermodynamic n -p relation. For minimum 0 , +(X) can be assumed real and nonnegative, the solution is of course highly degenerate, since any translate is also a solution.
Let us look for a basic solution, spherically symmetric about the origin, so that V2$(X) = +"(X) + (2/X) +'(X). Multiplying (2.9) by 27+h1(X') and integrating from 0 to X then yields
If the integral on the right hand side is dropped, to be inserted iteratively, then $ = +' = 0 as X -, oo shows that K = 0, and we are left with If X > 0, as in P s , E can always be found to satisfy the normalization condition for $; thus Ps is always localized and n(p -< n(p), creating a fluid cavity. If X < 0, a rough approximation to e+, matters are more complex, as they are when pcan cross a phase transition. In any event, the annihilation rate is obtained via (2.8) which, by virtue of (2.9) and (2.11), can be recast as a n / a~
(2.12)
Mean Spherical Approximation
It is the interplay between one-body quantum and many-body classical fluid phenomena that supplies both the substance and the difficulty of our study. The form (1.10) is totally classical, so that perhaps a more uniform treatment may be possible. A major technical difficulty is that the polymer energy is invariant only under the cyclic group of coordinate transformations, whereas a fluid has the full invariance of the symmetric group; this precludes several otherwise promising techniques. The mean spherical appr~ximation,~ on the other hand, is very general, simplifying complex distributions by regarding them as Gaussian, guaranteed by an appropriate central limit theorem for small enough flucutations. In prototypical form, an external potential u(x) is applied to a reference classical fluid of known properties, and the cumulant expansion of E/Eo truncated at second order:
p(x) = C 6(x-xi) is the microscopic density, no(x) = (p(x))o the reference density, and So(x, y) = ((p(x) -no(x))(p(y) -no(y)))o the reference density-density correlation.
Applying 6/6u(x) to s2 = -(l/p)lnE of (3.1), we have which is recognized as merely a first order perturbation in u. Nevertheless, let us pursue the implications of (3.2) for the classical form (1.10) of the quantum problem. Now we must operate in the full space {xi, X(T)), but it suffices to choose the microscopic density since the interaction in (1.10) is then Ip(R)v(R) d3R and (p(R)) = In,,(x + R, I) d3x is, as in (1.8), the quantity of major interest. In the absence of interaction, the light particle and fluid are decoupled, so that in this two-system reference, noo(R) = n, the bulk fluid density, whereas V the system volume, k in units of 2 7 r /~' /~, and go the Fourier transform of So(X -Y). For the harmonic chain {X(T)) of (1.10), one readily finds the approximation being valid for small and large k. It follows from (3.31, (3.4), (3.5) that, in convolution notation,
where y (~) -2/XgH e-aR/XTH l R , (3.6) and XTH = ( 2 n @ f~~/ m ) ' /~ is the thermal de Broglie wave length of the light particle. There are three length scales involved in (3.6): the range a of u(R), the correlation length f! of So, and X T H . In the idealization a << l<< XTH, (3.6) reduces to and hence to for large R whereas (p(0)) = n -( B X / X $~) /?V(R') d3 R' So(R')R1 dR1 . J J (3.9) Eq. (3.6) is directly useful if the interaction ~otential v is sufficiently weak, which is certainly not the case for the hard core potential that is the most frequent representation of a Ps-atom interaction. This is where the mean spherical model, in its generalized form,g is particularly useful. Consider the approximate relation (3.1). It is equivalent to the statement that the expectation of any functional of p is given by Application of (3.13) to the hard core light particle-atom interaction v(R) = oo for R 5 a is immediate. We have seen, (3.4,3.5) , that and that noo(R) = n. It follows that
where 8 is the Heaviside step function. The combination S; : , no,l E pv8 thus replaces pv in (3.6), and Eq. (3.13) then reads
where So(R) * 7(R) * (Pv(R) 8(a -R)) = n for R 5 a .
Hence, only a subsidiary problem on the space R 5 a has to be solved, for which and subsequent to which, the discussion of (3.6) remains relevant.
Density Functional Model
Whereas the (generalized) mean spherical approximation deals effectively with hard cores, or with weak interactions, it does not interpolate between them in a unique way. This defect can be removed by a density functional approach10 (although it will reappear in the elementary treatment presented here), in which one utilizes the same input data. The density functional format is normally one in which one makes use of uniform system microscopic information to fit functional parameters to a model of the nonuniform system free energy, entropy, . . ., depending upon which quantities are to serve as independent variables. In the present case, interest is precisely in the distribution n(R) G (p(R)) = ln,,(x + R, x)d3x of relative quantum particlefluid particle separation, which both enters directly into the annihilation rate and is the most compact description of the relevant physics. If the associated interaction is again given by v ( R ) , and we define the local chemical potential -n(R) ) d3R'd3R". -. is precisely the inverse density-density correlation of (3.4) (direct verification is not hard), Eq. Now Co(R, R'; n(R)) will be an even function of R' -R, so that the integral multiplying Vn(R)
P ( R )
vanishes. Also we can use the identity
together with the symmetry at uniform n = n(R) of GCo(R, R')/Gn(R1') with respect to R' -R, R -R", R" -R', and isotropy, to reduce the second integral, yielding
Since S/Gn(R1') d3R" = d/dn for a uniform fluid, (4.10) attains the very simple form
where K(n) = --Co(R, R'; n)lR' -RI2 d3R' .
'I
Eq. (4.11) in fact is now integrable, and integrates back to where f is the free energy per particle of the fluid. In our application, we write where the uniform reference is the double reference of Sec. 3, according to (3.4) , (3.5) , so that, observing that &(0; n) = ( l l n ) dpPo/dn, where Po(n) is the fluid equation of state. Without going into detail, it is clear from (4.15) that a small mass particle will give rise to a large effective mass and hence typically a smaller extension in space. Indeed, (4.12) has the same general form as mean field, (2.7), without requiring the battery of simplifying assumptions.
Concluding Remarks
We have seen that the theoretical tools developed during the past few decades for analyzing the equilibrium properties of classical fluids have quite direct extensions to the problem of a quantum particle interacting with the same system. In fact, a surprisingly small amount of additional machinery needs to be incorporated when attention is restricted to the relative quantum particlefluid atom density. This is an obvious advantage as well as a suggestion for caution: the tried and true approximations developed laboriously for classical fluids are not automatically suitable in the extended framework. It is clear that a comparison with detailed "ab initio" numerical computationsT such as those of Fan and Miller (ref. 5 ) is called for before one proceeds to more sophisticated integral equation and density functional techniques. But it is also clear that experimental information available in the quantum particle-classical fluid context, such as that of fluctuations in annihilation rates, can feed back to classical fluid studies as well. Moreover, one can anticipate the development of relatively simple but accurate empirical descriptions going hand in hand with the burgeoning collection of experimental data, and as a welcome byproduct, a viewpoint that may be invaluable when interaction of quantum particles must be taken into account, or is perhaps the whole story!
